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Abstrat
We prove that a general Fano fibration pi:V → P1, the fiber
of whih is a double Fano hypersurfae of index 1, is bi-
rationally superrigid provided it is suffiiently twisted over
the base. In partiular, on V there are no other strutures of
a rationally onneted fibration. The proof is based on the
method of maximal singularities.
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Introdution
In this paper we study birational geometry of higher-dimensional algebrai varieties
with a penil of Fano double overs. The main result of the paper, that is, the
theorem on birational superrigidity of these varieties provided they are suffiiently
twisted over the base, is formulated below in Se. 0.3. The paper presents the out-
ome of the first stage of the researh; the seond part of this work, dealing with a
relaxation of the twistedness ondition, will be published in the subsequent paper.
0.1 Birationally rigid varieties
A rationally onneted projetive variety V with at most Q-fatorial terminal sin-
gularities is said to be birationally rigid, if for any birational map
χ:V − − → V ′,
where V ′ belongs to the same lass of varieties, and any moving linear system Σ′ on
V ′ there exists a birational self-map χ∗ ∈ BirV , providing the following inequality
c(Σ) ≤ c(Σ′), (1)
where Σ = (χ ◦ χ∗)∗Σ′ is the strit transform of the linear system Σ′ on V with
respet to the birational map
χ ◦ χ∗:V χ
∗
−− → V χ−− → V ′,
and the symbol c(·) stands for the threshold of the anonial adjuntion of the linear
system | · |,
c(Λ) = sup{ε ∈ Q+ | D + εK ∈ A1+(·)},
D ∈ Λ is an arbitrary divisor of the linear system Λ, K stands for the anonial
lass of the variety, A1+(·) ⊂ A1(·)⊗ R means the losed one of effetive yles on
the variety under onsideration. The variety V is said to be birationally superrigid,
if the inequality (1) is always true for χ∗ = idV .
Let π:V → P1 be a fibration into rationally onneted varieties, where V has
Q-fatorial terminal singularities. (By the theorem of Graber-Harris-Starr [5℄, in this
ase the variety V is itself automatially rationally onneted.) The next question
is of ruial importane for understanding birational geometry of V :
are there other (that is, different from the original map
π:V → P1) strutures of a rationally onneted fibration
on V ?
Assume that V is non-singular, PicV = ZKV ⊕ π∗ PicP1 and the following
ondition holds:
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KV 6∈ IntA1+V. (2)
Let Ft = π
−1(t) be the fiber over a point t ∈ P1, F ∈ PicV the lass of a fiber.
The ondition (2) means that if D ∼ −nKV + lF is an effetive divisor on V , then
l ∈ Z+. Conditions of this type for three-dimensional Mori fiber spaes are disussed
in [2℄. The following fat is well-known (see [17,20-22℄).
Proposition 0.1. In the assumptions above let V be a birationally superrigid
variety. Then:
(i) there is only one non-trivial struture of a fibration into rationally onneted
varieties on V , that is, the morphism π; in other words, if τ :W → T is a fibration
into rationally onneted (or just uniruled) varieties and χ:V − − → W is a
birational map, then χ transform fibers into fibers, that is, the following diagram
V
χ−− → W
π ↓ ↓ τ
P1
α−− → T
ommutes for a ertain map α:P1 → T .
(i) If τ :W → T is another fibration of the same type, that is, PicW = ZKW ⊕
τ ∗ PicP1, and χ:V − − →W is a (fiber-wise) birational map, then χ is an isomor-
phism of fibers of general position.
Thus the property of being birationally rigid redues birational geometry of the
variety V to biregular geometry of the fibration V/P1. That is why the word rigid-
ity has been hosen: the variety V does not admit any birational modifiations
inside the natural lass of Fano fibrations with the relative Piard number one.
Nowadays quite a few lasses of birationally (super)rigid Fano varieties are
known (see, for instane, [3,14,18,19,23-25℄). The known examples make it possi-
ble to onjeture that birational (super)rigidity is a typial property in dimension
3 and higher. Muh less is known about Fano fibrations, their birational geometry
is harder to investigate. A brief history of the theory of birational rigidity for Fano
fibrations see below in Se. 0.4. The aim of the present paper is to prove birational
superrigidity of fibrations V/P1, the fibers of whih are Fano double hypersurfaes
of index 1 [19℄.
0.2 Varieties with a penil of double overs
The symbol P stands for the projetive spae PM+1 over the field of omplex numbers
C. Let
G = P(H0(P,OP(m)))
be the spae of all Fano hypersurfaes of degree m, 3 ≤ m ≤ M − 1, W the spae
of all hypersurfaes of degree 2l in P, where m+ l = M + 1. Let
F = {F | σ:F 2:1→ G}
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be the lass of algebrai varieties realized as double overs of hypersurfaes G ∈ G
branhed over W ∩ G, W ∈ W. Set Fsm ⊂ F to be the set of smooth double
hypersurfaes orresponding to pairs (G,W ∩ G) of smooth varieties. Obviously,
F ∈ Fsm is a smooth Fano variety of index 1 with the Piard group PicF = ZKF .
Let F regsm ⊂ Fsm be the smooth subset onsisting of varieties F ∈ Fsm satisfying
the regularity ondition of Se. 1.3,1.4 below (whih is idential to the regularity
ondition of Se. 1.3 in [19℄). Reall that in [19℄ the following fat was proved.
Theorem A. (i) Any variety F ∈ F regsm is birationally superrigid.
(ii) The set F regsm is non-empty. Moreover, the following estimate holds:
codimFsm(Fsm \ F regsm ) ≥ 2.
Set Fsing = F \ Fsm, codimF Fsing = 1. Let F regsing be the open subset in Fsing,
onsisting of all singular double hypersurfaes satisfying the regularity ondition of
Se. 1.3,1.4 below. We note in Se. 1.3,1.4 that the following inequality holds:
codimF(Fsing \ F regsing) ≥ 2.
In the present paper we study Fano fibrations V/P1, eah fiber Ft = π−1(t), t ∈ P1
of whih is a variety from the family F . Set
F reg = F regsm ∪ F regsing.
By what was said above, codimF (F \ F reg) ≥ 2. Sine the fibration V/P1 an be
looked at as a morphism P1 → F , that is, a urve in F , for a general variety V/P1
we get:
Ft ∈ F reg
for all points t ∈ P1. If this is the ase, we say that the fibration V/P1 is regular. A
general onstrution of regular Fano fibrations V/P1 is desribed below in Se. 1.2.
0.3 The main result
Theorem 1. Assume that a regular fibration V/P1 satisfies the K2-ondition:
K2V 6∈ IntA2+V,
where A2+V ⊂ A2V ⊗ R is the losed one of effetive yles of odimension two.
The the fibration V/P1 is birationally superrigid.
The symbol Ai♯ stands, as usual, for the group of lasses of odimension i yles
on the variety ♯ modulo numerial equivalene.
Corollary 0.1. (i) For a fibration V/P1 of general position the following equality
holds:
Bir V = Aut V = Z/2Z = {id, τ},
where τ ∈ Aut V is the Galois involution of the double over V/Q.
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(ii) The variety V is non-rational.
Part (i) follows from Proposition 0.1 and Theorem A. Part (ii) is obvious.
We prove Theorem 1 in a few steps. Below in Se. 1.1 we formulate a suffiient
ondition of birational superrigidity for an arbitrary Fano fibration V/P1 in terms
of numerial geometry of fibers (Theorem 2). Essentially this fat was proved in
[17,20℄, although the papers that we have just mentioned disussed Fano fibrations
of a ertain partiular type. We will not repeat these arguments here, just making
referene to [17,20℄.
Now to prove Theorem 1 we need to hek that the fibers of the fibration V/P1,
that is, the regular Fano hypersurfaes of index 1 (in the sense of the regularity
onditions formulated below in Se. 1.3,1.4) satisfy the onditions of Theorem 2.
This verifiation makes our proof. It is arried out in Setions 2 and 3. Birational
geometry of varieties with a penil of Fano double overs that do not satisfy the K2-
ondition will be studied in the next paper, the seond part of the present researh.
Remark. Superrigidity of Fano fibrations V/P1, the fibers of whih are double
spaes (m = 1) and double quadris (m = 2) of index 1, is proved in [17℄ and [21,22℄,
respetively, and for this reason these varieties are not onsidered in this paper.
0.4 Historial remarks
Investigating strutures of a fibration into rationally onneted (uniruled) varieties is
a very old subjet. The lassial proof of the Noether theorem on the Cremona group
of the plane, presented by Yu.I.Manin in [1℄, an be looked at in this way: step by
step a ertain penil of rational urves on P2 is modified, thus one goes over from one
struture of a P1-fibration on the plane to another. Birational geometry of varieties
of dimension higher than two, on whih there are a lot of various strutures of a
rationally onneted fibration, is very hard to study. Apart from a few exeptional
types, these varieties are still out of reah for the modern tehnique. However, on
rationally onneted varieties whih are in a ertain sense general there is only one
struture of a rationally onneted fibration with the minimality ondition that it
is equivalent to a Fano fibration with the relative Piard number one. This is the
very phenomenon of birational rigidity.
In the modern birational geometry birationally rigid varieties first ome to the
light in the papers of Yu.I.Manin in the form of del Pezzo surfaes over non-losed
fields [15,16℄. The first theorems on birational rigidity of non-trivial rationally on-
neted fibrations were proved by V.A.Iskovskikh as theorems on uniqueness of a
penil of rational urves for some surfaes over non-losed fields. These theorems
ontinue the above-mentioned work of Yu.I.Manin. The study of the absolute and
relative ases in dimension two over a non-losed field prepared the basis for working
in higher dimensions.
In the lassial paper of V.A.Iskovskikh and Yu.I.Manin [14℄ the test lass teh-
nique was developed that made it possible to prove (in the modern terminology)
birational superrigidity of the smooth three-dimensional quarti V4 ⊂ P4 (atually,
in [14℄ birational superrigidity of the double spae branhed over a sexti was proved
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as well and also the ruial step was made in the proof of birational rigidity of the
double quadri of index one [11℄). After that attempts were made to use this teh-
nique to obtain similar results in the relative ase for fibrations over a non-trivial
base. For one lass of varieties the study was suessful: V.G.Sarkisov's theorem
proves that the given struture of a oni bundle is unique provided the disrimi-
nant divisor is suffiiently big [26,27℄. The proof of Sarkisov's theorem is based on
the following two tehnial priniples:
(1) the test lass tehnique of V.A.Iskovskikh and Yu.I.Manin,
(2) the fiber-wise modifiations.
The possibility of making fiber-wise modifiations of oni bundles remaining
at the same time in the lass of smooth varieties is an exlusive property of these
varieties. In a sense this speial feature omes from the fat that the group of auto-
morphisms of the fiber AutP1 is very big: say, for a typial Fano variety of dimension
higher than two this group is finite. Thus there is no hope to use similar arguments
for higher dimensional Fano fibrations.
After Sarkisov's papers [26,27℄ had been published, there remained only one
lass of rationally onneted three-folds, birational geometry of whih was a terra
inognita, that is, the lass of fibrations into del Pezzo surfaes over P1. The attempts
to use fiber-wise modifiations similar to Sarkisov's theorem proved unsuessful,
sine immediately onverted the variety under onsideration into a singular one
and, moreover, the aquired singularities were out of ontrol. However, the above-
mentioned test lass tehnique also refused to work. Sine mid-80s and up to mid-90s
attempts were made to onstrut at least some examples of three-dimensional del
Pezzo fibrations similar to Sarkisov's rigid oni bundles, but without any suess.
This ativity was summed up in [12℄: the only outome of the almost deade-long
work and an immense amount of ompleted omputations were some onjetures 
and no essential progress in their proof. One an see from [12℄ that there was no
understanding why the test lass tehnique that works so impeably in the absolute
ase (the three-dimensional quarti [14℄) does not allow a single step forward in the
ase of del Pezzo fibrations: the test lass simply refused to be onstruted.
The situation hanged radially when the paper [17℄ appeared. It beame imme-
diately lear why the test lass tehnique refused to generalize to the relative ase:
as it turned out, the desired lass just did not exist. For the three-dimensional quar-
ti the test lass tehnique is equivalent to the tehnique of ounting multipliities
introdued in [17,18,23℄. However, the tehnique of ounting multipliities is muh
more flexible, sine it desribes properties of a ertain effetive yle of odimension
two (the self-intersetion of the moving linear system defining the birational map
under onsideration), whereas the test lass gives just a number, the intersetion
number of this yle with the test lass. In the relative ase, when the base of the
fibration is non-trivial, any effetive yle an be deomposed into the vertial and
horizontal omponents. Informally speaking, eah of them requires its own test lass.
The methods developed in the paper [17℄ were later used for proving birational
rigidity of big lasses of higher-dimensional Fano fibrations [20-22℄. In these pa-
pers (and in the present paper as well) birational rigidity is derived from the K2-
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ondition. However when the K2-ondition is somewhat weakened the methods of
these papers still work well and make it possible to give a omplete desription of
birational geometry of the variety under onsideration. See [29,30℄ and the series of
papers [6-8℄, where birational rigidity is proved for a few lasses of del Pezzo fibra-
tions over P1. These lasses were not onsidered in [17℄ beause they do not satisfy
the K2-ondition. However, when the deviation from the K2-ondition grows too
strong, the methods fail to work.
Note also that in spite of the progress in the general theory of fatorization of
birational maps between three-fold Mori fiber spaes (the Sarkisov program [4,28℄),
all attempts either to improve Sarkisov's results or to prove the rationality riterion
for oni bundles have been unsuessful up to this day [13℄. See the reent paper
[2℄ on this point. We will disuss it in the next papers.
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1 The method of maximal singularities and the reg-
ularity onditions
1.1 A riterion of birational rigidity
Let π:V → P1 be a smooth standard Fano fibration, that is, V be a smooth variety
with
Pic V = ZKV ⊕ ZF,
where F is the lass of a fiber. Define the degree of a horizontal subvariety Y ⊂ V ,
π(Y ) = P1, by the formula
deg Y = (Y · F · (−KV )dimY−1),
and the degree of a vertial subvariety Y ⊂ π−1(t) by the formula
deg Y = (Y · (−KV )dimY ).
By this definition the degree of the variety V itself oinides with the degree of a
fiber, deg V = degF .
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Smooth Fano fibrations, the fibers of whih are omplete intersetions in weight-
ed projetive spaes, satisfy also the following property: their fibers have at most
isolated singularities.
We say that the Fano fibration V/P1 satisfies
ondition (v), if for any irreduible vertial subvariety Y of odi-
mension 2, Y ⊂ π−1(t) = Ft, and any smooth point o ∈ Ft the
following estimate holds:
multo
deg
Y ≤ 2
deg V
;
ondition (vs), if for any vertial subvariety Y ⊂ Ft of odimension
2 (with respet to V , that is, a prime divisor on Ft), any singular
point o ∈ Ft and any infinitely near point x ∈ F˜t, where ϕ: F˜t → Ft
is the blow up of the point o, ϕ(x) = o, Y˜ ⊂ F˜t the strit transform
of the subvariety Y on F˜t, the following estimates hold:
multo
deg
Y ≤ 4
deg V
,
multx Y˜
deg Y
≤ 2
deg V
;
ondition (h), if for any horizontal subvariety Y of odimension 2
and any point o ∈ Y the following estimate holds
multo
deg
Y ≤ 4
deg V
.
Assume that dimV ≥ 4 and the variety V satisfies the ondition
A2V = ZK2V ⊕ ZHF ,
where HF = (−KV · F ) and a fiber F = Ft ⊂ V of general position satisfies the
ondition A2F = Z(HF · HF )F . Set A2RV = A2V ⊗ R ∼= R2 and define the one of
effetive yles A2+V ⊂ A2RV as the losure (in the real topology) of the set
{λ∆ | λ ∈ R+,∆ is the lass of an effetive yle}.
Definition 1.1 We say that the Fano fibration V/P1 satisfies the K2-ondition,
if
K2V 6∈ IntA2+V.
Remark. It is easy to see that the K2-ondition is equivalent to the following
laim: for any a ≥ 1 and b ≥ 1 the lass
∆(a, b) = aK2V − bHF
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is not effetive. Indeed, HF ∈ A2+V , so that K2V ∈ IntA2+V if and only if ∆(N, 1) ∈
A2+V for some N ≥ 1. This implies immediately that both onditions are equivalent.
Theorem 2. Assume that the smooth standard Fano fibration V/P1 satisfies
the K2-ondition and the onditions (v), (vs) and (h). Then V/P1 is birationally
superrigid.
For the proof see [17,20℄.
1.2 An expliit onstrution of the fibration V/P1
Let us desribe an expliit onstrution of regular fibrations V/P1. For eah fiber
F ∈ F reg (singular or smooth) the antianonial linear system | −KF | determines
preisely the double over σF :F → G ⊂ P. For this reason, π∗O(−KV ) is a loally
free sheaf of rank M + 2 on P1. It gives a loally trivial P-fibration over P1. The
variety V is realized as a double over of a smooth divisor Q on P(π∗O(−KV )).
Namely, let
E =
M+1⊕
i=0
OP1(ai)
be a loally free sheaf, normalized by the ondition that
a0 = 0 ≤ a1 ≤ . . . ≤ ai ≤ ai+1 ≤ . . . ≤ aM+1.
In partiular, E is generated by global setions. Set X = P(E) to be its Proj in
the sense of Grothendiek, πX :X → P1 the natural projetion, LX the tautologial
sheaf, Q ⊂ X a smooth divisor on X , orresponding to a setion
sQ ∈ H0
(
X,L⊗mX ⊗ π∗XOP1(aQ)
)
,
aQ ∈ Z+. The symbol πQ:Q→ P1 stands for the projetion πX |Q. Obviously, Q/P1
is a smooth fibration into Fano hypersurfaes of degree m in P. Let W ⊂ X be an
irreduible hypersurfae, orresponding to a setion
sW ∈ H0
(
X,L⊗2lX ⊗ π∗XOP1(2aW )
)
,
aW ∈ Z+, whereas WQ = W ∩ Q is a smooth divisor on Q. We denote the fiber
π−1Q (t) over a point t ∈ P1 by the symbol Gt (or just G, when it is lear whih point
is meant or when it is inessential). Finally, set
σ:V → Q
to be the double over, branhed over WQ. The natural projetion onto P1 will be
denoted by π, the fiber π−1(t) by the symbol Ft (or just F ). It is easy to see that
PicV = ZKV ⊕ ZF
and up to twisting by an invertible sheafOP1(k), k ∈ Z, the sheaves E and π∗O(−KV )
on P1 oinide.
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More preisely, let LX ∈ PicX be the lass of the tautologial sheaf LX , LQ =
LX |Q its restrition to Q, so that
PicQ = ZLQ ⊕ ZG.
Set LV = σ
∗LQ. It is easy to see that
KV = −LV + (a1 + . . .+ aM − 2 + aQ + aM)F.
By the Lefshetz theorem
A2V = ZK2V ⊕ ZHF ,
where HF = (−KV · F ) is the lass of a hyperplane setion. The symbol HF is used
in the present paper in two different meanings: as a lass of odimension two on V
and as the hyperplane setion of the fiber, that is, an element of A1F . Every time
it is lear whih of the two onepts is meant.
It is easy to ompute that
(K2V · LM−1) = 2m(4− a1 − . . .− aM+1 − aQ − aW ) + 2aQ.
Sine (HF · LM−1) = 2m and the linear system |LV | is free, the inequality (K2V ·
LM−1) ≤ 0 implies, that K2V 6∈ IntA2+V , where A2+V ⊂ A2V ⊗ R is the losed one
of effetive yles of odimension two.
1.3 The regularity onditions outside the branh divisor
Let σ:F → G ⊂ P be a Fano double hypersurfae of index 1, F ∈ F . The variety F
is realized as a omplete intersetion of odimension two in the weighted projetive
spae
P(1, 1, . . . , 1,︸ ︷︷ ︸
M+2
l),
see [19℄: F is of type m · 2l and given by the pair of equations
f˜(x0, . . . , xM+1) = 0, u
2 = g˜(x0, . . . , xM+1),
where x∗ are the oordinates of weight 1, u is the oordinate of weight l, f˜ is
the equation of the hypersurfae G ⊂ P = P(1, . . . , 1), g˜ is the equation of the
hypersurfae W ∩ P.
Let o ∈ F be an arbitrary point. First of all, we draw the reader's attention to
the following obvious fat:
o 6= (0, 0, . . . , 0,︸ ︷︷ ︸
M+2
1).
Thus we may assume that the point o lies in one of the standard affine harts AM+2
with the oordinates
zi = xi/x0, i = 1, . . . ,M + 1, y = u/x
l
0
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and its z∗-oordinates are (0, . . . , 0). With respet to the oordinate system (z∗, y)
the affine part of the variety F is given by the pair of equations
f = q1 + . . .+ qM = 0, y
2 = g = w0 + . . .+ w2l,
where qi and wj are homogeneous polynomials in z∗ of degrees i and j, respetively.
Set p = σ(o) ∈ G. The point p lies on the branh divisor W if and only if w0 = 0.
If p 6∈ W , then we normalize the seond equation and assume that w0 = 1.
Let us formulate first the regularity onditions outside the branh divisor. In this
ase the fiber F is given with respet to the affine oordinate system (z∗, y) with
the origin of the z∗-system at p = σ(o) by the equations{
f = qa + . . .+ qm = 0,
y2 = g = 1 + w1 + . . .+ w2l,
where a ≥ 1.
Set
√
g = (1 + w1 + . . .+ w2l)
1/2 = 1 +
∞∑
i=1
γi(w1 + . . .+ w2l)
i =
= 1 +
∞∑
i=1
Φi(w1, . . . , w2l),
where Φi(w1(z∗), . . . , w2l(z∗)) are homogeneous in z∗ of degree i ≥ 1,
γi = (−1)i−1 (2i− 3)!!
2ii!
= (−1)i−1 (2i− 3)!
22i−2i!(i− 2)!
is the standard i-th oeffiient of the Taylor expansion of the funtion (1 + s)1/2 at
the point s = 0. Obviously,
Φi(w∗) = wi + Ai(w1, . . . , wi−1)
for i ≤ 2l. For i ≥ 1 set
[
√
g]i = 1 +
i∑
j=1
Φi(w∗), g
(i) = g − [√g]2i .
It is easy to see that the first non-zero omponent of the polynomial g(i) is of degree
i+ 1. More preisely, this omponent is equal to
gi+1 = 2Φi+1(w1(z∗), . . . , wi+1(z∗)).
The regularity ondition at a smooth point p ∈ G (R1.1):
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The sequene
q1, . . . , qm, gl+1, . . . , g2l−1
is regular in Op,P. Here a = 1.
The regularity ondition at a double point p ∈ G (R1.2):
If 2l ≥ m+ 1, then the system of M − 1 homogeneous polynomials
q2, . . . , qm, gl+1, . . . , g2l−1,
whereas if 2l ≤ m, then the system of homogeneous polynomials
q2, . . . , qm−1, gl+1, . . . , g2l
defines a urve in PM = P(TpP), neither omponent of whih is ontained in a
hyperplane.
Furthermore, the system of M homogeneous equations
q2 = . . . = qm−1 = gl+1 = . . . = g2l = 0 (3)
defines a non-zero subsheme Z∗ in PM , suh that for any hyperplane P ⊂ PM
deg(P ∩ Z∗) < λm,l = m!(2l − 1)!
6(l − 1)!
for m ≥ 4 and
deg(P ∩ Z∗) < λ3,l = 12(2l − 1)!
(l + 1)!
(l − 2)
for m = 3. If the sheme Z∗ is redued, then this ondition means simply that any
set of λm,l points is not ontained in a hyperplane.
Remark. Sine w0 = y(0) = 1, in a neighborhood of the singular point o ∈ F
the equations
y − [√g]i = 0 and σ∗g(i) = 0
define the same divisor. Consider the system of equations (3) on the fiber F (and not
on the projetivized tangent spae P(TpP)). The system defines an effetive 1-yle
C∗ on F . By onstrution, its degree is equal to
degC∗ = 2m!
(2l − 1)!
(l − 1)! ,
whereas its multipliity at the point o ∈ F satisfies the estimate
multoC∗ ≥ m! (2l)!
l!
= degC∗, (4)
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so that what we atually have in (4) is an equality and C∗ is an algebrai sum
of lines on F , that is, urves of the form L ∋ o, the image σ(L) ⊂ P of whih is
a line, and moreover the morphism σ:L → σ(L) is an isomorphism. Considering
the zero-dimensional sheme Z∗ as an effetive zero-dimensional yle, we get by
onstrution:
Z∗ = P(ToC∗).
In partiular, for any hyperplane P ⊂ P the one-dimensional part of the sheme
{q2 = . . . = qm = gl+1 = . . . = g2l = 0} ∩ σ−1(P )
is of degree not higher than λm,l − 1. In other words, if all omponents of the yle
C∗ are of multipliity 1, then no more than λm,l − 1 of these lines are ontained in
σ−1(P ).
1.4 The regularity onditions on the branh divisor
In this ase the variety F is given with respet to the affine oordinate system (z∗, y)
by the system of equations {
f = q1 + . . .+ qm = 0,
y2 = g = w1 + . . .+ w2l.
The regularity ondition at a smooth point o ∈ F (R2.1):
the sequene of homogeneous polynomials
q1, . . . , qm
is regular in Op,P and the quadrati form q2 does not vanish identially on the plane
{q1 = w1 = 0}.
Note that sine the point o ∈ F is smooth, this plane is of odimension exatly
two, that is, the linear forms q1 and w1 are linearly independent: the plane {q1 =
w1 = 0} is the tangent plane to the branh divisor W ∩G of the morphism σF .
The regularity ondition at a double point o ∈ F (R2.2):
In this ase we have the double over σF :F → G, branhed over the divisor WG =
W ∩ G. The first regularity ondition is smoothness of the hypersurfae G at the
point p = σ(o), that is, q1 6= 0. Furthermore, the divisor WG should have at the
point p a non-degenerate quadrati singularity:
w1 = λq1,
λ ∈ C. For onveniene of notations assume that q1 = zM+1. The quadrati polyno-
mial
w¯2 = w2|{zM+1=0}
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is of the maximal rank. Let EG ∼= PM−1 be the exeptional divisor of the blow up
ϕG: G˜→ G of the point p. Take z1, . . . , zM for homogeneous oordinates on EG and
set
WE = {w¯2 = 0}.
It is a non-singular quadrati hypersurfae in EG. Denote by the symbol q¯i the
restrition of the homogeneous polynomial qi onto the hyperplane qM+1 = 0. Now
the remaining part of the ondition (R2.2) looks as follows:
the system of homogeneous equations
q¯2 = . . . = q¯m = 0
defines in EG ∼= PM−1(z1:...:zM ) an irreduible subvariety Z2·...·m, whih is an irreduible
redued omplete intersetion of odimension (m− 1). The quadri
q¯2 = 0
is smooth and distint from WE.
Definition 1.2. A Fano double hypersurfae F ∈ F is regular, if eah smooth
point on it is regular in the sense of the orresponding ondition (R1.1) or (R2.1)
and eah of its singular points is regular in the sense of the orresponding ondition
(R1.2) or (R2.2). Notation: F ∈ F reg.
The onditions (R1.1) and (R2.1) oinide with the regularity onditions of the
paper [19℄ (Definitions 1 and 2 in Se. 1.3). In [19, Se. 4.3℄ it was shown that
non-regular smooth double spaes form a losed subset of odimension at least two
in the set of all smooth double hypersurfaes Fsm. Moreover, it follows from the
omputations of Se. 4.3 in [19℄ that the set of Fano double hypersurfaes F with
at least one smooth non-regular point o ∈ F is of odimension at least two in F .
Thus a general singular double hypersurfae F ∈ Fsing has exatly one singular
point whereas all its smooth points are regular. The singular point o ∈ F is a non-
degenerate double point. If p = σ(o) 6∈ WG, then the fat that the ondition (R1.2)
is open implies that in a neighborhood of F ∈ F the following estimate holds
codimFsing(Fsing \ F regsing) ≥ 1 (5)
and thus
codimF(Fsing \ F regsing) ≥ 2. (6)
If p = σ(o) ∈ WG, then in a similar way the fat that the ondition (R2.2) is open
implies the estimate (5) in a neighborhood of F ∈ F . Thus the estimates (5) and
(6) are global.
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1.5 Start of the proof of Theorem 1
Let us hek that the regular fibration V/P1 satisfies the onditions (v) and (h).
Assume that the opposite inequality holds:
multo
deg
Y >
2
deg V
,
where o ∈ F = Ft is a smooth point, Y ⊂ F is a prime divisor. Let
T = σ−1(TpG ∩G)
be the tangent divisor, p = σ(o). By the regularity onditions, multo T = 2. Sine
T ⊂ F is a hyperplane setion, we get deg T = deg V , so that
multo
deg
T =
2
deg V
and thus Y 6= T . Both subvarieties Y , T are irreduible, so that the intersetion
Y ∩ T is of odimension two with respet to F and the effetive yle Z = (Y ◦ T )
of the sheme-theoreti intersetion of Y and T is well defined. Obviously, the yle
Z satisfies the inequality
multo
deg
Z >
4
deg V
. (7)
However it was proved in [19℄, Se. 3, that for a regular point o ∈ F it is impossible.
This proves the ondition (v).
Let us prove that the ondition (h) holds. To begin with, let us onsider first the
smooth ase, where o ∈ F is a smooth point. Assume that an irreduible horizontal
subvariety Y ⊂ V of odimension two satisfies the inequality
multo
deg
Y >
4
deg V
.
Sine π(Y ) = P1, we get Y 6= F , so that Z = (Y ◦ F ) is an effetive yle of
odimension two on the fiber F , satisfying the inequality (7). As it was pointed out
above, this is impossible. The ondition (h) is proved in the smooth ase.
Now let o ∈ F be a double point. Arguing in the same way as in the smooth
ase, let us onstrut the effetive yle Z = (Y ◦F ) of odimension two on the fiber
F . Sine
multo
deg
F = 2, the yle Z satisfies the inequality
multo
deg
Z >
8
deg V
.
Let us show that this is impossible. Without loss of generality assume that Z ⊂ F is
an irreduible subvariety of odimension two. Its image on G satisfies the estimate
multp
deg
σ(Z) >
4
degG
.
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Now if p ∈ G is a smooth point, then the arguments of the paper [20℄ (they work
without any modifiations for an arbitrary degree degG ≤ dimG + 1) show that
this is impossible. If p ∈ G is a double point, then by the ondition (R1.2) the
homogeneous polynomials q2, . . . , qm make a regular sequene, so that the standard
arguments of [20℄ give a ontradition one again (see Se. 3.1 in [20℄).
This ompletes the proof of the ondition (h).
2 Singularity of a fiber outside the branh divisor
2.1 Hypertangent divisors and linear systems
Let ϕ = ϕF,o: F˜ → F be the blow up of the fiber at an arbitrary point o, ϕG =
ϕG,p: G˜ → G the blow up of the fiber G at the point p = σ(o), E = EF ⊂ F˜ and
EG ⊂ G˜ the exeptional divisors.
Definition 2.1. The linear system
ϕ∗(|kHF − (k + 1)E|)
of divisors on F (respetively, the linear system
(ϕG)∗(|kHG − (k + 1)EG|)
of divisors on G) is alled the k-th hypertangent linear system and denoted by the
symbol Λk = Λ
F
k (respetively, Λ
G
k ).
One an say that Λk is the largest linear subsystem of the system |kHF |, the
strit transform of whih satisfies the property
Λ˜k ⊂ |kHF − (k + 1)E|,
and similarly for G. In the general ase one annot assert that
σ∗ΛGk ⊂ Λk, (8)
sine if p ∈ WG is a smooth point of the branh divisor, then the double over
σ:F → G does not extend to a double over F˜ → G˜ (there is a rational map of
degree two between these varieties; this rational map has a fairly simple struture,
however it is not a finite morphism). But if p 6∈ WG or p ∈ WG is a double point of
the branh divisor, then the inlusion (8) holds.
The symbol
ΛEk
stands for the orresponding linear system on the exeptional divisor:
ΛEk = Λ˜k|E or ΛEk = Λ˜Gk |EG,
depending on the ontext. It is easy to see that
(B˜s Λk ◦ E) = BsΛEk
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in the sheme-theoreti sense, in partiular, the orresponding effetive algebrai
yles are equal, that is, the equality respets multipliities.
Abusing out notations, we sometimes use the notion of a hypertangent system for
a ertain speial subsystem of the hypertangent system, whih permits an expliit
desription. In pratie it is these speial subsystems that we use. Let p ∈ G be a
point, z1, . . . , zM+1 a system of linear oordinates with the origin at p, and assume
that the hypersurfae G is given by the equation
f = qa + qa+1 + . . .+ qm = 0,
a = 1 or 2. Then
ΛGk ⊃
∣∣∣∣∣
k∑
i=a
sk−ifi
∣∣∣∣∣ , (9)
where
fi = qa + . . .+ qi,
k ≥ a and sj means an arbitrary homogeneous polynomial of degree j in the variables
z∗. The inlusion (9) is obvious, sine
fi|G = (−qi+1 − . . .− qm)|G.
Now assume that p 6∈ WG. Let us onstrut the hypertangent system Λk. Obviously,
Λk ⊃ σ∗ΛGk , but in fat the system Λk is muh larger. Following [19,22,25℄, let us
desribe the onstrution of hypertangent divisors, assoiated with the double over
σ. Sine p 6∈ WG, we may assume that the hypersurfae
Wt = W ∩ Pt ⊂ P
is given by the equation
g(z∗) = 1 + w1 + . . .+ w2l = 0,
wi(z∗) are homogeneous of degree i. Setting formally
√
g = 1 +
∞∑
i=1
Φi(w1, . . . , w2l), (10)
where Φi(w1(z∗), . . . , w2l(z∗)) are homogeneous polynomials of degree i in z∗, write
for j ≥ 1
[
√
g]j = 1 +
j∑
i=1
Φi(w∗(z∗)).
Now we get
Λk ⊃
∣∣∣∣∣∣
k∑
i=a
sk−ifi +
min{k,2l−1}∑
i=l
s∗k−i(y − [
√
g]i)
∣∣∣∣∣∣ , (11)
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where s∗k−i are homogeneous polynomials in z∗ of degree k− i; if k ≤ l− 1, then the
right-hand side is assumed to be equal to zero. The inlusion (11) follows from (9)
and the following fat.
Lemma 2.1. In the loal oordinates z∗ we get
(y − [√g]i)|F = 2Φi+1(w∗(z∗))|F + . . . ,
where the dots stand for a formal series, the omponents of whih are homogeneous
polynomials of degree i+ 2 and higher in the variables z∗.
Proof: it is obvious, sine (y2−g)|F ≡ 0, g(p) = 1 and the formal deomposition
(10) holds.
Note that
Φi(w∗) =
1
2
wi + Ai(w1, . . . , wi−1).
Now let us onsider the ase when p = σ(o) ∈ WG. If the branh divisor is non-
singular at the point p, then the loal equation of the hypersurfae Wt is of the
form
g(z∗) = w1 + . . .+ w2l = 0,
where the linear forms q1, w1 are linearly independent. Sine the inverse image of
the divisor
{w1|G = 0}
on F is obviously singular, we obtain:
Λk ⊃
∣∣∣∣∣
k∑
i=1
sk−ifi + sk−1w1
∣∣∣∣∣ . (12)
However, if p = σ(o) is a singularity of the divisor WG, then our methods of on-
struting hypertangent linear systems give at most the inlusion Λk ⊃ σ∗ΛGk , where
ΛGk is given by the formula (9).
The regularity onditions make it possible to get a lower bound for the odimen-
sion of the base set of hypertangent systems. In the formulae below it is assumed
that the segment [a, b] ⊂ R is an empty set when b < a. For an arbitrary point
o ∈ F set
M = [a,m− 1] ∩ Z+ = {a, . . . , m− 1},
where a = multpG ∈ {1, 2}, p = σ(o), and
L = [l, 2l + a− 3] ∩ Z+ = {l, . . . , 2l + a− 3}.
Thus the setsM, L depend on the type of the point o. At eah stage of the proof the
point o is assumed to be fixed and the symbols M, L mean the sets orresponding
to this point.
For e = max{m− 1, 2l− 1} we denote the hypertangent linear system Λe by the
symbol Λ∞.
Proposition 2.1. The following estimates hold:
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(i) if p = σ(o) 6∈ WG is a smooth point of the hypersurfae G, then
codimo BsΛk ≥ codimE BsΛEk ≥ ♯[1, k] ∩M+ ♯[1, k] ∩ L,
in partiular,
dimo BsΛ∞ ≤ 1,
(ii) if p = σ(o) 6∈ WG is a double point of the hypersurfae G, then
codimBsΛk ≥ codimE BsΛEk ≥ ♯[2, k] ∩M+ ♯[2, k] ∩ L,
and moreover
BsΛ∞ ⊂ C∗
(see Se. 1.3). More to that, let P ⊂ P, P ∋ p, be an arbitrary hyperplane, PF =
σ−1(P ∩G) the orresponding setion of the fiber F , ΛPk = Λk|PF the restrition of
the linear system Λk onto PF . Then for k ≤ max{m, 2l} − 2
codimPF BsΛ
P
k ≥ ♯[2, k] ∩M+ ♯[2, k] ∩ L,
and
dimBsΛP∞ ≤ 1, (13)
whereas if in (13) the equality holds then the degree of the one-dimensional part of
the basi subsheme BsΛP∞ does not exeed λm,l.
(iii) If p = σ(o) ∈ WG is a smooth point on the branh divisor WG, then the
following inequality holds:
codimo BsΛk ≥ codimE BsΛEk ≥ ♯[1, k] ∩M+ 1,
(iv) if p = σ(o) ∈ WG is a double point on the branh divisor WG, then the
following inequality holds:
codimo BsΛk ≥ codimE BsΛEk ≥ ♯[1, k] ∩M.
Proof. To obtain out laims, we replae the hypertangent linear systems Λk
by their subsystems (9), (11) and (12), onstruted above, and use the regularity
onditions (Se. 1.3,1.4). Q.E.D.
2.2 Sheme of the proof of the ondition (vs)
Assume that there exists a prime divisor Y ⊂ F = Ft, satisfying the estimate
multx Y˜
deg Y
>
1
m
, (14)
where x ∈ E is an infinitely near point of the first order, that is, E ⊂ F˜ is the
exeptional divisor of the blow up of the point o ∈ F , ϕ: F˜ → F . Here the singular
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point o ∈ F is generated by a singularity of the hypersurfae G = Gt, that is,
p = σ(o) ∈ G is a non-degenerate double point, p 6∈ W . Set σ−1(p) = {o, o+} and
let ϕG: G˜→ G be the blow up of the point p. The map σ extends in an obvious way
to a morphism
σ˜: F˜ \ {o+} → G˜,
whereas on the exeptional divisor E ⊂ F˜ the morphism σ˜ is an isomorphism, whih
makes it possible to identify E with the exeptional divisor of the blow up ϕG and
thus onsider E as embedded in T = P(TpP) ∼= PM , that is, in the exeptional divisor
of the blow up
ϕP: P˜→ P
of the point p ∈ P. Depending on the ontext one of the inlusions E ⊂ F˜ or E ⊂ G˜
will be meant.
Let us show that the assumption (14) leads to a ontraditions. In order to do
that, we will use the method developed in [20℄. The arguments break into a few
steps. The first step is given by
Proposition 2.2. There exists a hyperplane P ⊂ P, P ∋ p, suh that σ(Y ) 6⊂ P
and the effetive algebrai yle YP = (Y ◦F PF ), where PF = σ−1(PG), PG = P ∩G
is a hyperplane setion, satisfies the estimate
multo
deg
YP >
3
2m
.
The symbol ◦F is used to emphasize that the yle YP is onstruted in the sense
of the intersetion theory on F , and not on V . For a proof of the proposition see
[20℄.
Step two. Consider the variety PF ⊂ F . It is an irreduible variety of dimension
M − 1 with the double point o ∈ PF . Let ϕP : P˜ → PF be the blow up of the point
o, EP ⊂ P˜ the exeptional divisor. Obviously, P˜ embeds into F˜ , and EP into E as
a hyperplane setion of the quadri E with respet to the embedding E →֒ T. Sine
the variety F˜ is fatorial, the strit transform Y˜ is a Cartier divisor. Therefore, the
effetive yle Y˜P = (Y˜ ◦ P˜ ), that is, the strit transform of the yle YP on P˜ , is a
Cartier divisor,
Y˜P ∼ aHP − bEP ,
where HP is the lass of a hyperplane setion. By Proposition 2.2
b >
3
2
a.
By the regularity ondition we get for the tangent divisor
T = σ−1(TpG ∩G)
that multo T = 6, deg T = 4m, so that for the lass of its strit transform T˜ ⊂ F˜
we get T˜ ∼ 2H − 3E and thus for its restrition T˜P = T˜ ∩ P˜ on P˜ we get
T˜P ∼ 2HP − 3EP .
21
Proposition 2.3. Let Z ∼ αHP − βEP be an effetive Cartier divisor on P˜ .
Assume that β > 3
2
α. Then Z ontains T˜P as a omponent of positive multipliity.
Proof is given below.
Step three. Write down the effetive divisor Y˜P in the following form:
Y˜P = cT˜P + Z,
where c ∈ Z+ and the effetive divisor Z does not ontain T˜P as a omponent.
Setting Z ∼ αHP − βEP , we obtain from the system of equations
a = 2c+ α, b = 3c+ β
and the ondition 2b > 3a, that
β >
3
2
α.
By Proposition 2.3 this implies that T˜P is a omponent of positive multipliity of
the divisor Z. A ontradition.
Thus we have proved that the estimate (14) is impossible whih implies that
the ondition (vs) holds for the ase of a singular point o ∈ F outside the branh
divisor. Q.E.D.
2.3 Movable families of urves
Let us prove Proposition 2.3. We use the method of the paper [20℄.
Lemma 2.2. The divisor TP = T ∩ PF is swept out by a family of urves
{Cδ, δ ∈ ∆}, the general member of whih is irreduible and satisfies the inequality
multo
deg
Cδ >
2
3
. (15)
First of all, let us obtain Proposition 2.3 from this fat. Let {C˜δ, δ ∈ ∆} be the
strit transform of this family of urves on P˜ , T˜P ⊂ P˜ the strit transform of the
divisor TP . Obviously,
(Z · C˜δ) = α degCδ − βmulto Cδ < 0,
sine β > 3
2
α. Therefore C˜δ ⊂ Z. However the urves C˜δ sweep out T˜P , thus Z ⊃ T˜P .
Q.E.D. for Proposition 2.3.
Proof of Lemma 2.2. The variety PF is of dimension m + l − 2, the divisor
TP ⊂ PF is of dimension m + l − 3. We onstrut the required family of urves
(Cδ, δ ∈ ∆), interseting TP with m + l − 4 hypertangent divisors. To order the
onstrution proedure, let us introdue some new notations:
M = {2, . . . , m− 1}, L = {l, . . . , 2l − 1},
ce = ♯[4, e] ∩M+ ♯[3, e] ∩ L, e ∈ Z+. (16)
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Here and below we assume silently that the segment [a, b] ⊂ R is the empty set when
b < a. For e ≤ 2 we get ce = 0, for e ≥ max{m, 2l} − 1 we get that ce = m+ l − 4,
provided that l ≥ 3. Let us assume that this is the ase and that m ≥ 4. Note that
for m = 4
♯[4, e] ∩M = 0,
sine this set is empty. The ases l = 2 and m = 3 we will treat separately. Obvi-
ously,
ce+1 ≥ ce.
Define the ordering funtion
χ: {1, . . . , m+ l − 4} → Z+
by the formula
χ([ce−1 + 1, ce] ∩ Z+) = e. (17)
In aordane with our remark above, if ce−1 = ce, then the formula (17) is mean-
ingless, sine the set [ce−1 + 1, ce] is empty. Note that
ce+1 − ce ∈ {0, 1, 2}
by the definition (16). It is easy to hek that (17) gives a orret definition of an
integer-valued funtion χ.
Denote by the symbol ΛPi the restrition of the hypertangent system Λi onto PF .
Set
ΛP =
m+l−4∏
i=1
ΛPχ(i).
Note that in this produt the hypertangent system Λe an appear at most twie, see
(16). Let
D = {Di ∈ ΛPχ(i), i = 1, . . . , m+ l − 4} ∈ ΛP
be a general set of hypertangent divisors.
Definition 2.2. We say that a family of losed algebrai sets (Γu, u ∈ U) of
(o)dimension i on an algebrai variety Z is a dense movable family if for a general
u ∈ U all irreduible omponents of the set Γu are of (o)dimension i and these
omponents form a family of irreduible algebrai varieties sweeping out Z.
Lemma 2.3. For i = 1, . . . , m+ l − 4 the losed algebrai set
Ri(D) =
i⋂
j=1
Di ∩ TP
is for a general D ∈ ΛP of odimension i in TP . For i = 1, . . . , m+ l− 5 the family
of yles
(Ri(D),D ∈ ΛP )
is a dense movable family of yles of odimension i on T .
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Proof. Set R0(D) = T and argue by indution on i = 1, . . . , m+ l − 4. Assume
that the laim of the lemma is proved for i ≤ j ≤ m+ l − 5 (if j = 0, then there is
nothing to prove). Set χ(j + 1) = e. By definition,
Rj+1(D) = Rj(D) ∩Dj+1,
where Dj+1 ∈ ΛPe is a general divisor. By definition of the funtion χ we get
j + 1 ∈ [ce−1 + 1, ce].
By Proposition 2.1, the following inequality holds:
codimPF BsΛ
P
e ≥ ce + 1, (18)
so that
codimTP BsΛ
P
e |TP ≥ ce,
whereas
codimTP Rj(D) = j ≤ ce − 1
by (16), (17). Therefore, neither of the irreduible omponents of the losed subset
Rj(D) is ontained in the base set of the hypertangent system ΛPe . In partiular,
Rj(D) 6⊂ Dj+1
and therefore Rj+1(D) is a losed subset of pure odimension j + 1 in TP , whih
proves the first laim of the lemma. Now assume that j ≤ m+ l − 6. Then either
e ≤ max{m, 2l} − 2,
so that by Proposition 2.1 we get the estimate
codimPF BsΛ
P
e ≥ ce + 2,
whih is stronger than the inequality (18), or e = max{m, 2l} − 1, but in this ase
ce = ce−1 + 2, sine
j + 2 ∈ [ce−1 + 1, ce],
so that
codimTP Rj(D) = j = ce − 2.
In any ase for eah irreduible omponent Z of the set Rj(D) for j ≤ m+ l− 6 we
get
codimZ Bs(Λ
P
e |Z) ≥ 2,
so that the linear system ΛPe |Z is movable. This proves the seond laim of Lemma
2.3.
Consider the family of losed one-dimensional sets
(R(D) = Rm+l−4(D),D ∈ ΛP ).
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We an no longer assert that irreduible omponents of the set R(D) form a movable
family of urves: at the last step, that is, when we make urves from surfaes, some
fixed omponents an appear. However, in any ase the following deomposition
holds:
R(D) = (TP ◦D1 ◦ . . . ◦Dm+l−4) =
∑
δi∈∆
Cδi + Φ, (19)
where (Cδ, δ ∈ ∆) is a movable family of urves, Φ an effetive 1-yle, that is, the
fixed part of the family of urves R(D), D ∈ ΛP . We get the equality of 1-yles
Φ = BsΛP∞.
The family (Cδ, δ ∈ ∆) sweeps out TF , if it is non-empty. However, by onstrution
degR(D) = 4m
m+l−4∏
j=1
χ(j) = 4m
(
m−1∏
j=4
j
)(
2l−1∏
j=l
j
)
=
=
2m!(2l − 1)!
3(l − 1)! ,
whereas by the regularity ondition
deg Φ < λm,l =
m!(2l − 1)!
6(l − 1)! < degR(D).
Therefore, the family of irreduible urves (Cδ, δ ∈ ∆) is non-empty and sweeps out
the divisor T .
Let us, finally, estimate the ratio multo / deg for a general urve Cδ. As we
mentioned above, multoΦ = deg Φ (see Se. 1.3). Besides, for a general set D ∈ ΛP
the ratio
multo
deg
Cδi
(in the sense of the formula (19)) does not depend on i. Consequently,
multo
deg
Cδ =
multoR(D)− deg Φ
degR(D)− deg Φ .
However, by onstrution
multoR(D) ≥ 6
m+l−4∏
j=1
(χ(j) + 1) = 6
(
m∏
j=5
j
)(
2l∏
j=l+1
j
)
=
=
m!
4
· (2l)!
l!
,
whene
multo
deg
Cδ ≥
m!
4
· (2l)!
l!
− λm,l
2m!
3
· (2l − 1)!
(l − 1)! − λm,l
>
2
3
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in aordane with the hoie of the number λm,l. This proves the lemma for m ≥ 5,
l ≥ 3.
If l = 2, then the arguments presented above work with the only modifiation:
instead of (16) one should use the formula
ce = ♯[3, e] ∩M+ ♯[3, e] ∩ L,
e ∈ Z+. In this ase an independent hypertangent divisor adds into the linear system
ΛP2 and thus the odimension of its base set (and the odimension of the base set of all
the subsequent hypertangent systems ΛPj , j ≥ 3) exeeds by one the orresponding
odimension in the just onsidered ase l ≥ 3. It is this fat that makes it possible to
hange the definition of the number ce and aordingly shift by one the funtion χ.
The rest of the arguments are ompletely similar to the ase l ≥ 3 disussed above.
The ase m ≥ 3 is slightly harder. In order to obtain the needed odimension of
the base set of a hypertangent system, one should use the following set of hypertan-
gent divisors:
D = {Di ∈ ΛPl+i | i = 1, . . . , l − 1}.
We draw the reader's attention to the fat that the first divisor in this set is taken
from the linear system ΛPl+1, that is, in ontrast to the ase m ≥ 4, whih we
onsidered above, we skip the system ΛPl . As a result, we obtain one again a movable
family of losed algebrai sets
Rk(D) =
(
k⋂
j=1
Dj
)
∩ T
for k ≤ 2l − 2, whereas irreduible omponents of the sets Rk(D) form a family
and sweep out T . Again we modify the family of urves R2l−1(D), deleting the fixed
part Φ of degree deg Φ < λ3,l = 12(l− 2)(2l − 1)!(l + 1)! and obtain a family of irreduible
urves (Cδ, δ ∈ ∆), sweeping out T and satisfying the estimate (15). Proof of Lemma
2.2 is now omplete.
3 Singularity of a fiber on the branh divisor
3.1 Notations and disussion of the regularity ondition
We have the double over
F = Ft
σ→ G = Gt ⊂ P = PM+1,
G ⊂ P is a smooth hypersurfae of degree m ≤ M − 1. At the point p ∈ G the
branh hypersurfae WG = W ∩ G has an isolated quadrati singularity, so that
o = σ−1(p) ∈ F is an (isolated) non-degenerate double point of the fiber F . We get
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the following ommutative diagram of maps
E = EF ⊂ F˜ σ˜→ G˜ ⊃ EG
ϕF ↓ ↓ ϕG
F
σ→ G,
where ϕF and ϕG are the blow ups of the points o ∈ F and p ∈ G, respetively, EF
and EG are the exeptional divisors, σ˜ the double over, branhed over W˜G ⊂ G˜,
that is, over the strit transform of the divisor WG. Besides,
σ˜E = σ˜|E :E → EG ∼= PM−1
is the double over, branhed over the quadri
WE = W˜G ∩ EG.
The symbol HE stands for the hyperplane setion of the quadri E with respet to
the standard embedding E →֒ PM , PicE = ZHE .
Let Wt = W ∩ Pt be given by the equation
h = w1 + w2 + . . .+ w2l = 0,
and G by the equation
f = q1 + q2 + . . .+ qm = 0
with respet to the affine oordinates z∗ = (z1, . . . , zM+1) with the origin at the point
p. The divisorWG has at p a non-degenerate quadrati singularity, so that w1 = λq1,
for simpliity of notations assume that q1 = zM+1. The quadrati polynomial w¯2 =
w2|{zM+1=0} is of the maximal rank. Take z1, . . . , zM for homogeneous oordinates
on EG, then
σ˜E :E → EG ∼= PM−1
is branhed over the non-singular quadri WE = {w¯2 = 0}. For an arbitrary point
y ∈ EG \WE let C(y) ⊂ EG be the one onsisting of all lines L ⊂ EG that ontain
y and touh WE . More formally, let
πy:EG \ {y} → PM−2
be the projetion from the point y. Its restrition onto the quadri WE,
πy|WE :WE → PM−2
is a double over, branhed over a quadri Q(y) ⊂ PM−2. Now
C(y) = π−1y (Q(y)).
Obviously, C(y) is a quadri one with the vertex at the point y. Sine the quadri
WE is non-singular, the one C(y) has only one singularity, that is, the point y.
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Denote the restrition of the polynomial qi onto the hyperplane qM+1 = 0 by the
symbol q¯i. By the regularity ondition, the system of homogeneous equations
q¯2 = . . . = q¯m = 0
defines in EG an irreduible redued omplete intersetion of odimension (m−1), an
irreduible subvariety Z2·...·m. Moreover, the quadri q¯2 = 0 is smooth and distint
from WE .
Lemma 3.1. Assume that the ondition (R2.2) holds. Then the subvariety Z2·...·m
is not ontained in a quadri one C(y), y ∈ EG\WE, and in a tangent plane TyWE,
y ∈ WE.
Proof. Set
Z2·...·j = {z ∈ PM−1 | q¯2 = . . . = q¯j = 0}.
It is easy to see that Z2·...·j is an irreduible redued omplete intersetion of odi-
mension j. From the long exat ohomology sequene we obtain that
h0(OZ2(2)) = . . . = h0(OZ2·...·j (2)) = . . . = h0(OZ2·...·m(2)),
and moreover, the restrition map
H0(OPM−1(2))→ H0(OZ2·...·m(2))
is surjetive. This implies that Z2·...·m is ontained in one and only one quadri Z2
and thus is not ontained in any quadri one C(y), y ∈ EG \WE . In a similar way,
the restrition map
H0(OPM−1(1))→ H0(OZ2·...·m(1))
is an isomorphism, so that Z2·...·m is not ontained in a hyperplane, in partiular, in
a hyperplane of the form TyWE , y ∈ WE.
Now fix a prime divisor R ⊂ F , and let R˜ ⊂ F˜ be its strit transform. Fix also
an arbitrary point x ∈ E, lying outside the branh divisor of the over σ˜E , that is,
σ˜(x) 6∈ WE . (For a point x ∈ E on the branh divisor the arguments given below
work automatially with simplifiations. The arguments of Se. 2 an be also used
in this ase, in ontrast to the situation outside the branh divisor WE .)
Proposition 3.1. The following estimate holds:
µ = multx R˜ ≤ 1
m
degR. (20)
Remark. For some k ≥ 1 we have R ∼ HF , where HF = σ∗HG is a hyperplane
setion. Sine obviously degR = 2mk, the estimate (20) takes the form of the
following inequality:
µ ≤ 2k.
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3.2 Start of the proof of the ondition (vs)
Assume the onverse: µ > 2k. We have the presentation
R˜ ∼ kϕ∗FHF − νE,
whereas multoR = 2ν.
Lemma 3.2. The following inequality holds: ν ≤ 2k.
Proof. Assume the onverse: ν > 2k. Then
multo
deg
R >
2
m
.
Set R¯ = σ(R) ⊂ G. It is a prime divisor on the smooth hypersurfae G ⊂ P. Sine
σ:R→ R¯ is a finite morphism, we get the inequality
multo
deg
R¯ >
2
m
.
However, this is impossible, sine p ∈ G is a regular point. Indeed, the tangent
divisor T+1 = TpG ∩G satisfies the equality
multp
deg
T+1 =
2
m
,
so that R¯ 6= T+1 and (R¯◦T+1 ) is an effetive yle of odimension two (T+1 is obviously
irreduible).
Sine multp T
+
1 = 2, we get the inequality
multp(R¯ ◦ T+1 ) ≥ 2multp R¯.
Taking into aount that deg(R¯ ◦ T+1 ) = deg R¯, we onlude that there exists an
irreduible omponent Y2 of the yle (R¯ ◦ T+1 ), satisfying the estimate
multp
deg
Y2 ≥ 2multp
deg
R¯.
As usual, let f = q1 + q2 + . . .+ qm be the polynomial defining the hypersurfae G
with respet to the oordinate system z∗ with the origin at the point p. Setting
f = q1 + q2 + . . .+ qi,
let us onstrut the hypertangent systems
ΛGi =
∣∣∣∣∣
i∑
j=1
fjsi−j |G = 0
∣∣∣∣∣ ,
and onsider the standard hypertangent divisors
T+i = {fi|G = 0} ∈ ΛGi .
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Set
Ti = σ
∗T+i , Λi = σ
∗ΛGi .
These divisors and linear systems will be of ruial importane below. At the mo-
ment, note that by the regularity ondition we get
codimG BsΛ
G
i = i
(in fat, BsΛGi = T
+
1 ∩ . . . ∩ T+i ). Let
D = (D1, . . . , Dm−1) ∈
m−1∏
j=1
ΛGi
be a general set of divisors. Let us onstrut by indution a sequene of irreduible
subvarieties Yi, i = 1, . . . , m− 1, satisfying the following properties:
(i) Y1 = R¯, Y2 was onstruted above, codimG Yi = i;
(ii) Yi+1 ⊂ Yi, Yi 6⊂ Di+1, Yi+1 is an irreduible omponent of the losed set
Yi ∩Di+1;
(iii) the estimate
multp
deg
Yi+1 ≥ i+ 2
i+ 1
· multp
deg
Yi
holds.
It is possible to onstrut this sequene beause
codimGΛ
G
i+1 = i+ 1 > codimG Yi,
so that for a general divisor Di+1 ⊂ ΛGi+1 we have Yi 6⊂ Di+1. One an ensure that
the property (iii) holds sine ΛGj ⊂ |jHG| and multp ΛGj = j + 1.
Now for an irreduible subvariety Y = Ym−1 we get the estimate
1 ≥ multp
deg
Y ≥ m
m− 1 ·
m− 1
m− 2 · · · · ·
4
3
· 2
1︸ ︷︷ ︸
‖
2m
3
·multp
deg
R¯,
whene we get
multp
deg
R¯ ≤ 3
2m
.
Therefore the ratio multp / deg attains its maximum at the tangent divisor TpG∩G
and this maximum is equal to 2. A ontradition. Q.E.D. for the lemma.
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3.3 Hypertangent divisors and tangent ones
Thus ν ≤ 2k < µ. On the other side,
µ = multx R˜ ≤ multx(R˜ ◦ E) ≤ deg(R˜ ◦ E) = 2ν.
Set B = TxE ∩ E, where the quadri E is onsidered as embedded in PM in the
standard way. By Lemma 5 from Se. 3.5 in [20℄,
multB R˜ ≥ 1
2
(µ− ν),
whereas for the effetive yle RE = (R˜ ◦ E) we get
multB RE ≥ µ− ν. (21)
Set T˜i, Λ˜i to be the strit transforms of the divisors Ti and linear systems Λi on the
blow up F˜ of the fiber F . It is easy to see that T˜i ⊂ Λ˜i, sine by onstrution
multo Λi = multo Ti.
Set also
Ti = (T˜i ◦ E) = T˜i ∩ E
to be the projetivized tangent one to the divisor Ti at the point o. Reall that the
quadri E is realized as the double over σ˜E :E → EG ∼= PM−1, branhed over the
quadri WE. For a system (z1, . . . , zM+1) of affine oordinates on P with the origin
at the point p we may assume that q1 ≡ zM+1 and therefore (z1, . . . , zM) an be
taken for homogeneous oordinates on the projetive spae EG. In terms of these
oordinates the hypersurfae Ti ⊂ E is given by the equation
(σ˜E)
∗qi+1|EG.
Finally, set
ΛEi = Λ˜i|E
to be the projetivized tangent system of the linear system Λi at the point o. Equa-
tions of divisors of this linear system are obtained by pulling bak to E via σ˜E the
equations
i∑
j=1
q¯j+1s¯i−j, (22)
where ♯¯ means the restrition of the polynomial ♯ onto the hyperplane zM+1 = 0.
Obviously,
Ti ∼ (i+ 1)HE , ΛEi ⊂ |(i+ 1)HE|,
besides the equations (22) imply diretly that
BsΛi = T1 ∩ . . . ∩ Ti, BsΛEi = T1 ∩ . . . ∩ Ti,
both equalities in the sheme-theoreti sense.
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3.4 Construting new yles
By the regularity ondition the set T1 ∩ . . . ∩ Ti is irreduible and not ontained in
the divisor B for all i = 1, . . . , m− 1. Let
L = (L2, . . . , Lm−1) ∈ Λ2 × . . .× Λm−1
be a general set of hypertangent divisors. We denote the strit transform of the
hypertangent divisor Lj on F˜ by the symbol L˜j and its projetivized tangent one
at the point o ∈ F by the symbol
Lj = (L˜j ◦ E).
For a general divisor Lj ∈ Λj we get Lj = L˜j ∩ E.
Lemma 3.3. (i) Let Y ⊂ F be a fixed irreduible subvariety of odimension
l ≤ m− 2. For a general divisor Ll+1 ∈ Λl+1 we have Y 6⊂ Ll+1.
(ii) Let Y ⊂ E be a fixed irreduible subvariety of odimension l ≤ m− 2. For
a general divisor Ll+1 ∈ Λl+1 we have Y 6⊂ Ll+1.
Proof. By the regularity ondition
codimF BsΛl+1 = l + 1, codimE BsΛ
E
l+1 = l + 1
and for a general divisor Lj ∈ Λj we have Lj ∈ ΛEj . Q.E.D. for the lemma.
Corollary 3.1. For a general set L we have
codimF (R ∩ L2 ∩ . . . ∩ Lm−1) = m− 1,
codimE(RE ∩ L2 ∩ . . . ∩ Lm−1) = m− 1.
From this fat we obtain that the following effetive algebrai yles of odimen-
sion m− 1 are well defined on F and E, respetively:
R+ = (R ◦ L2 ◦ . . . ◦ Lm−1)
and
R+E = (RE ◦ L2 ◦ . . . ◦ Lm−1),
whereas (for a general set L)
R+E = (R˜
+ ◦E)
is the projetivized tangent one to the yle R+ at the point o. Let us desribe the
struture of these effetive yles. First of all we get
degR+ = 2km · (m− 1)! = 2km!,
multoR
+ = degR+E = 2ν · 3 · . . . ·m = νm!.
Lemma 3.4. Let Y be an irreduible omponent of the yle R+. If Y ⊂ T1,
then
Y = T1 ∩ T2 ∩ . . . ∩ Tm−1.
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Proof. By onstrution, the equation of the divisor Li is of the form
f1si−1 + f2si−2 + . . .+ fis0,
where sj is a homogeneous polynomial of degree j in the oordinates z∗. Sine the
hypertangent divisors Li are assumed to be general, we may assume that s0 6= 0
and thus normalize the equation by the ondition that s0 = 1. Assume that Y ⊂ T1.
Then the following polynomials vanish on Y :
f1,
f1s2,1 + f2,
f1s3,2 + f2s3,1 + f3,
. . .
f1sm−1,m−2 + . . . + fm−2sm−1,1 + fm−1,
where si,j is a homogeneous polynomial of degree j. Thus
f1|Y ≡ f2|Y ≡ . . . ≡ fm−1|Y ≡ 0,
so that Y ⊂ T1 ∩ T2 ∩ . . . ∩ Tm−1, but the latter set is irreduible and of the same
dimension as Y . This proves Lemma 3.4.
3.5 Degrees and multipliities
Set
T = T1 ∩ T2 ∩ . . . ∩ Tm−1, T = T1 ∩ T2 ∩ . . . ∩ Tm−1.
Taking into onsideration that T = (T1 ◦ . . . ◦ Tm−1) and T = (T1 ◦ . . . ◦ Tm−1)E , it
is easy to verify that
deg T = multo T = degT = 2m!.
Now write down
R+ = aT +R♯, R+E = aT+R
♯
E , (23)
where a ∈ Z+, the effetive yle R♯ is uniquely defined by the ondition that it
does not ontain the subvariety T as a omponent, and
R♯E = (R˜
♯ ◦ E)
is the projetivized tangent one to R♯ at the point o. Note that the irreduible sub-
variety T, generally speaking, an ome into the effetive yle R♯E as a omponent.
Lemma 3.5. The following estimate holds:
2multoR
♯ ≤ degR♯.
Proof. Let Y be an irreduible omponent of the yle R♯. By onstrution,
Y 6= T ; therefore by Lemma 3.4 Y 6⊂ T1. Thus the losed subset
T1 ∩ SuppR♯
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is of odimension m, so that the effetive yle
R∗ = (R♯ ◦ T1)
is well defined. Now we have a standard hain of estimates:
2multoR
♯ ≤ multoR∗ ≤ degR∗ = degR♯,
whih is what we need.
As in Corollary 3.1, Lemma 3.5 implies that the set
B ∩ L2 ∩ . . . ∩ Lm−1
is of odimensionm−1 in E. Denote by B+ the part of the effetive equidimensional
yle R+E , the support of whih is ontained in B:
R+E =
∑
i∈I
riYi, B
+ =
∑
i∈I,Yi⊂B
riYi.
Lemma 3.6. The following estimate holds:
degB+ ≥ (µ− ν)m!
Proof. Indeed, by (21) we get
RE = (µ− ν)B +∆,
where ∆ is an effetive yle. Furthermore,
deg(B ◦ L2 ◦ . . . ◦ Lm−1) = 2 · 3 · . . . ·m = m!,
whih proves the lemma.
Lemma 3.7. Let Y ⊂ L2∩. . .∩Lm−1 be an irreduible subvariety of odimension
m− 1 in E. If Y ⊂ T1, then Y = T.
Proof. The equation of the divisor Li with respet to the homogeneous oordi-
nates z∗ is of the form
q2si−1 + . . .+ qi+1,
where sj is a homogeneous polynomial of degree j. If Y ⊂ T1, then the following
polynomials vanish on Y :
q2,
q2s2,1 + q3,
. . .
q2sm−1,m−2 + . . . + qm−1sm−1,1 + qm,
where deg si,j = j. Consequently,
q2|Y ≡ q3|Y ≡ . . . ≡ qm|Y ≡ 0,
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that is, Y ⊂ T, and sine the dimensions oinide, Y = T. Q.E.D. for the lemma.
Corollary 3.2. None of the omponents of the losed set
B ∩ L2 ∩ . . . ∩ Lm−1
is ontained in T1.
Proof. Let Y be suh omponent and Y ⊂ T1. By the previous lemma, Y = T.
Thus T ⊂ B: a ontradition with the regularity ondition. Q.E.D. for the orollary.
Let us omplete, at long last, the proof of Proposition 3.1. From the presentations
(23) we get
degR+ = 2km! = 2am! + degR♯,
multoR
+ = νm! = 2am! + multoR
♯.
By Corollary 3.2 the effetive yle B+ lies entirely in R♯E . In partiular,
degR♯E ≥ degB+ ≥ (µ− ν)m!. (24)
However, degR♯E = multoR
♯
. Applying Lemma 3.5, we obtain:
2(νm!− 2am!) ≤ 2km!− 2am!.
Let us rewrite the inequality (24) in the form
νm!− 2am! ≥ (µ− ν)m!.
Easy omputations give us the two inequalities
k + a ≥ ν,
2ν − 2a ≥ µ,
whih imply the desired estimate (20) in an obvious way.
However, we assumed that µ > 2k. The ontradition ompletes our proof of
Proposition 3.1 and Theorem 1 as well.
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